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$G$ , $|G|$ $G$ . $G$ $\theta$ , $\theta^{n}$ $G$
t . , $G$
$L_{n}(G, \theta)=\{x\in G|x\cdot x’. x’ 2. . .x^{\theta^{n-1}}=1\}$
. P. $\mathrm{H}$ [9, Theorem 16] .
Hall $\# L_{n}$ (G, $\theta$) $\equiv 0\mathrm{m}$od $\mathrm{g}\mathrm{c}\mathrm{d}(n, |G|)$
$G$ $S$ $L_{n}(S)=\{x\in S|x^{n}=1\}$ $\text{ }$ . Hmll
\mbox{\boldmath $\theta$}=t , Frobenius ([6, Section 2, $\mathrm{I}\mathrm{I}]$ ) .
Frobenius $\# L_{n}(G)\equiv 0\mathrm{m}$od g.cd(n, $|G|$ )
, Hall , Hall , hobenius
.
1 Hall
[5] Brauer Frobenius ,
Hall . ,
, .
, $A$ $G$ , $AG$
.
$\mathrm{Z}(A, G)=\{B\leq \mathit{4}G |BG=AG, B " G=\{1\}\}$
$AG$ $G$ . $\mathrm{Z}(A, G)$ $A$
$G$ 1 1 .
$C_{n}$ $c$ $n$ , $C_{n}$ $G$ $x^{c}=x^{\theta}$ ,
$x\in G$ , . $\mathrm{Z}(C_{n}, G)=\{\langle cx\rangle|x\in G, (cx)^{n}=1\}$ ,
$x\in G$ E 1 $x\cdot x^{\theta}\cdot x^{\theta^{2}}\cdots x^{\theta^{n-1}}=x\cdot x$ c. $x^{c^{2}}\cdots x^{c^{n-1}}=(xc^{-1})^{n}$ ,
$\# L_{n}$ (G, $\theta$) $=\#\mathrm{Z}(C_{n}, G)$ . Hall .
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1J $\#$Z(Cn’ $G$) $\equiv 0\mathrm{m}\mathrm{o}\mathrm{d} (n, |G|)$
Hall ,
, Frobenius Brauer 1.1
. .
L2 , $H$ $G$ , $D\in \mathrm{Z}(A, G)$
$D$ $H$ $F$ , $\#\mathrm{Z}(D, F)\equiv 0\mathrm{m}\mathrm{o}\mathrm{d} |$ F| .
$\#\mathrm{Z}(A, G)\equiv 0\mathrm{m}\mathrm{o}\mathrm{d} |$H| .
$p$ $m$ $m_{p}$ $m$ $p$ .
1.1 $n$ $|G|$ $p$ [4,
Proposition 3.3] . ( [4] .)
1J , 1.2 1.1
.
1.1 . $p$ , $H$ $\mathrm{g}\mathrm{c}\mathrm{d}$($n,$ $|$ G|)p $G$ .
$\#\mathrm{Z}(A, G)\equiv 0\mathrm{m}\mathrm{o}\mathrm{d} |$ H| . $D\in \mathrm{Z}(A, G)$ , $F$ $D$ $H$
. $D$ $d$ , $n=n_{p}r$ , $\mathrm{g}\mathrm{c}\mathrm{d}(p, r)=1$ , .
$\langle d^{r}\rangle$ $F$ $p$ , $|F|$ $n_{p}=|\langle d^{r}\rangle|$ $|\mathrm{J}$ , [4, Proposition 3.3]
$\#\mathrm{Z}(\langle ff\rangle, F)=|F|$ . , $y\in F$ $(ffy)^{n_{p}}=1$
. , $x\in F$ $(dx)^{n}=1$ , $\#\mathrm{Z}(D, F)=|F|$
. , 1.2 $\#\mathrm{Z}(A, G)\equiv 0\mathrm{m}\mathrm{o}\mathrm{d} |$H| .
[5] Brauer .
Brauer $L$ , $M$ $L$ . $\sigma$
$L$ , $\alpha$ $M$ . $\sigma^{|M|}$ $(\sigma\alpha)^{|M|}$ $L$
.
Brauer 1.1 $|G|$ $n$ (
1.1 .)
$A’$ $A$ . 1.2 1 .
L3 $A/A’$ $p$ $p$ $C$ ,
$C$ $p$ $H$ , $\#\mathrm{Z}(C, H)\equiv 0\mathrm{m}$od $\mathrm{g}\mathrm{c}\mathrm{d}(|C|, |H|)$
. $\#\mathrm{Z}(A, G)\equiv 0\mathrm{m}$od $\mathrm{g}\mathrm{c}\mathrm{d}(|A/A’|,$ $|G\mapsto$ .
[4] .
1 $\#$Z(A, $G$) $\equiv 0\mathrm{m}$od $\mathrm{g}\mathrm{c}\mathrm{d}(|A/A’|, |G|)$
1.3 : 1 $A$ $p$ , $G$ $p$ .
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2 Hall
$\mathrm{H}\mathrm{o}\mathrm{m}(A, G)$ $A$ $G$ . [15]
Robenius .
$A$ $\#\mathrm{H}\mathrm{o}\mathrm{m}(A, G)\equiv 0\mathrm{m}$od $\mathrm{g}\mathrm{c}\mathrm{d}$( $|A|,$ $|$ G|) .
$A$ $G$ 1 .
$p$ . 1 , $p$ $C$
$p$ $H$ $\#\mathrm{Z}(C, H)\equiv 0$ mod $\mathrm{g}\mathrm{c}\mathrm{d}$( $|C|,$ $|$ H|)
( 1.3). $C_{p^{u}}$ $p^{u}$ , .
2.1 $p^{u},$ $u\geq 2$ , $p^{2}$ $C=C_{p^{u}}\cross C_{p^{2}}$
$p$ $H$ , $\#\mathrm{Z}(C, H)\equiv 0\mathrm{m}$od $\mathrm{g}\mathrm{c}\mathrm{d}$( $|C|,$ $|$ H|) .
, 1
2.2(i ) $C$ $p$ , $N$ $p$ . $C$
$p$ $H$ $\#\mathrm{Z}(C, H)\equiv 0\mathrm{m}$od $\mathrm{g}\mathrm{c}\mathrm{d}$( $|C|,$ $|$ H|) ,
$C\mathrm{x}N$
$p$ $H$ $\#\mathrm{Z}(C\cross N, H)\equiv 0\mathrm{m}$od $\mathrm{g}\mathrm{c}\mathrm{d}(|C\cross N|, |H|)$
.
1.3, 2.1, 2.2, [4, Proposition 3.3] , Hmll
.
2.3 $p$ , $A/A’$ $p$ $\lambda=$ $(\lambda_{1}, \lambda 2, . . . , \lambda_{f})$ ,
$\lambda_{1}\geq\lambda_{2}\geq\cdots\geq\lambda_{r}\geq 0$ , $\lambda_{2}\leq 2,$ $\lambda_{3}\leq 1$ .
$\#\mathrm{Z}(A, G)\equiv 0\mathrm{m}$od $\mathrm{g}\mathrm{c}\mathrm{d}(|A/A’|,$ $|$ GD .
2.4 2.3 $\#\mathrm{H}\mathrm{o}\mathrm{m}(A, G)\equiv 0\mathrm{m}$od $\mathrm{g}\mathrm{c}\mathrm{d}$( $|A/A’|,$ $|$ G|) .
2.4 $[2, 3]$ . $n$ $S_{n}$
, ( 1 [14] ).
2.5 $A/A’$ $p$ 2 $p$ $C_{p^{u}}\cross C_{p^{v}}$
. $u,$ $v$ $u>v>2$ , $u\geq v$ $2\geq v$ .
$\#\mathrm{H}\mathrm{o}\mathrm{m}(A, S_{n})\equiv 0$ mod $\mathrm{g}\mathrm{c}\mathrm{d}(p^{u+v}, n!)$ .
2.1, 2.5 1 .




$p$ . $p$ $H$ exceptional , $H$ ,
$p=2$ , 2 , 4 2 , 2 .
( 4 2 exceptional . )
, [11, Theorem $\mathrm{A}$], [3, Theorem 7.2] , [12, Theorem 2.8]
.
3.1 $H$ $p$ , $C$ $H$ $p^{u}$
. $|H|\geq p^{u+1}$ $\#\mathrm{Z}(C, H)\not\equiv 0\mathrm{m}$od $p^{u+1}$ , $H$ exceptional .
3.1 2.1 . exceptional $p$
2 . [1, Theorem 7.3] .
3.2 2 $p$ $C$ exceptional $p$ $H$ .
$\#\mathrm{Z}(C, H)\equiv 0\mathrm{m}$od $\mathrm{g}\mathrm{c}\mathrm{d}(|C|,$ $|$HD .
, 2 .
$p$ $H$ $u$ , $\Omega_{u}(H)=\langle x\in H|x^{p^{u}}=1\rangle$ .
$a,$ $b,$ $c$ $a^{2}=b^{2}=c^{2}=1$ , $cab=abc=bca$
$H_{16}=\langle$a, $b,$ $c|a^{2}=b^{2}=c^{2}=1$ , $cab=abc=bca\rangle$
. 16 . $H_{16}$ exceptionml 3 2
1 4 2 , $H_{16}$ 2
exceptional . , .
3.3 exceptional $p$ $H$ exceptional .
$|H|>p^{3}$ $H$ $H_{16}$ , $H$ $y$ :
(1) $y^{\mathrm{p}}=1$ ;
(2) $\Omega_{1}$ ( $Z$ (H)) $\langle$y $\rangle$ $H$ , $p^{2}$ ;
(3) $H$ exceptional $y$ .
$Z$ (H) $H$ .




Frobenius ( 4.8 )
Hall .
, $[3, 12]$ . $C_{2}(G)=[G, G]$ , $C_{i}(G)=$ [$C_{i-1}($G), $G$],
$i\geq 3$ , P. Hall [8, \S 3].
4.1 $G$ $x,$ $y$ $n$
$x^{n}y^{n}=(xy)^{n}c_{2^{2}}^{\mathrm{e}}\cdots c_{n}^{e_{n}}$
$\in C_{i}$ (G), $2\leq i\leq n$ , . $e_{i}=n(n-1)\cdots(n-i+1)/i!$
.
, $u$ . 4.1 [12, Corollary 2.2] .
4.2 $p$ $H$ $\exp C_{2}(H)\leq p^{u-1}$ $|C_{2}(H)|\leq p^{u}$ ,
$\exp\Omega_{u}(H)\leq p^{u}$ .
$P$ $p$ , $\theta$ $p^{u}$ $P$ , $C$ $c$
$p^{u}$ . $C$ $P$ $x^{c}=x^{\theta},$ $x$ \in P, ,
$CP$ . $\#\mathrm{Z}(C, P)=\# L_{p^{u}}(P$,
. $C_{1}(CP)=P$ , $C_{1}(CP)\geq C_{2}(CP)\geq C_{3}(CP)\geq\cdots$ , $i\geq 1$
$C_{i}(CP)\neq\{1\}$ $C_{i}(CP)\geq C_{i+1}$ (CP) . $|C_{j+1}(CP)|\leq p^{u-1}$
$j$ ,
$Q(CP)=Q_{u}(CP)=\{$
$\Omega_{u}(C_{j}(CP))$ $j\geq 1\circ \mathrm{g}\mathrm{g}$ ,
$P$ $j=0$
$P$ $C$ .
$|$Q(CP) $|\geq \mathrm{g}\mathrm{c}\mathrm{d}$($p^{u},$ $|$P $|$ ), $|$ [Q(CP), $CP$] $|\leq p^{u-1}$
. [12, Lemma 2.3(b)] .
4.3 (1) $\exp Q(CP)\leq p^{u}$ . (2) $Q(CP)\subseteq L_{p^{u}}$ (P, $\theta$).
. (1) 4.2 . (2) $C_{2}(CQ(CP))\leq$ [$Q($CP), $CP$]
, (1) 4.2 , $\exp CQ(CP)=p^{u}$ . , $Q^{\cdot}(CP)$ $x$
$(xc^{-1}.)^{p^{u}}=1$ , $Q(CP)\subseteq L_{p^{u}}$ (P, $\theta$) .
[12, Proposition 2.4] $\# L_{p^{u}}(P$, $\equiv 0\mathrm{m}\mathrm{o}\mathrm{d} |Q$ (CP)|
, 1.1 $n$ $G$ $p$
.
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$H$ , $\theta$ $H$ . 3
([12]) . [12, Theorem 5.1] .
4.4 $\theta$ $p^{u}$ $H$ , $\# L_{p^{u}}$ (H, $\theta$ ) $=\mathrm{g}\mathrm{c}\mathrm{d}$($p^{u},$ $|$ H|)
. $L_{p^{u}}$ (H, $\theta$ ) $H$ .
. $u\geq 1$ . $C=\langle\theta\rangle$ , $J$ $C$ $CH$ $p$
. $P=J\cap H$ $\text{ }$ . $P$ $C$ $H$ $p$
, 4.3 $Q_{u}(CP)\subseteq L_{p^{u}}$ (H, $\theta$) . .
, 4 $Q$ $S_{4}$ ,
$\theta$ $L_{4}(Q$ , 4 .
$k$ $C_{k}(H)=C_{k+1}$ (H) , $C_{\infty}(H)=C_{k}$ (H)
[12, Theorem 5.2] [7, Theorem 9.4.1]
.
4.5 $H$ . $\theta$ $n/\mathrm{g}\mathrm{c}\mathrm{d}(n, |C_{\infty}(H)|)$ $H$
, $\# L_{n}$ (H, $\theta$) $=\mathrm{g}\mathrm{c}\mathrm{d}$ ($n,$ $|$ H|) . $L_{n}$ (H, $\theta$) $H$
.
, 4.5 $H$ , 4.4
[12, Theorem 1.3] .
4.6 $\theta$ $n$ $H$ . $\mathrm{g}\mathrm{c}\mathrm{d}$($n,$ $|$ H|) $p$
, $\# L_{n}(H, \theta)$ $\mathrm{g}\mathrm{c}\mathrm{d}$($pn,$ $|$ H|) , $H$ $p$
$n$ $p$ exceptional $p$ .
4.7 $\theta$ $n$ $H$ , $\# L_{n}$ (H, $\theta$) $=\mathrm{g}\mathrm{c}\mathrm{d}(n,$ $|$ HD
. $p$ $\mathrm{g}\mathrm{c}\mathrm{d}$($n,$ $|$ H|) $|H|/\mathrm{g}\mathrm{c}\mathrm{d}$( $n,$ $|$ H|) , $H$ $p$
exceptional .
, .
4.8(Frobenius , [10]) $\# L_{n}(H)=\mathrm{g}\mathrm{c}\mathrm{d}$($n,$ $|$ H|) $L_{n}(H)$
$H$ .
$Z$(H) $H$ . 4.8 .
4.9 $Z(H)=\{1\}$ . $a$ $H$ , $\gamma_{a}$ $a$ $H$
. $\gamma_{a}$ $n$ , $\# L_{n}$ (H, $\gamma_{a}$) $=\mathrm{g}\mathrm{c}\mathrm{d}(n,$ $|$ HD , $L_{n}$ (H, $\gamma_{a}$)
$H$ .
89
. $a^{n}=1$ , $x\in L_{n}$ (H, $\gamma_{a}$ ) $\Leftrightarrow xa^{-1}\in L_{n}$ (H)
. $\# L_{n}$ (H, $\gamma_{a}$) $=\# L_{n}$ (H) , 4.8 $L_{n}$ (H) $H$
. $L_{n}(H)=L_{n}(H)a=L_{n}$ (H, $\gamma_{a}$) , .
4.8 .
3 $\theta$ $n/\mathrm{g}\mathrm{c}\mathrm{d}(n, |C_{\infty}(H)|)$ $H$ .
$m$ , $F$ $H$ $\theta^{m}$ $H$ $\theta^{m}$
, $\theta^{m}$ $F$ . , $\# L_{n}$ (H, $\theta$) $=\mathrm{g}\mathrm{c}\mathrm{d}(n, |H|)$
, $L_{n}$ (H, $\theta$) $H$ .
,
$H$ .
4.10 $H$ 3 .
$H$ . $p$ $\mathrm{g}\mathrm{c}\mathrm{d}$($n,$ $|$ H|) $|H|/\mathrm{g}\mathrm{c}\mathrm{d}$($n,$ $|$ H|)
, $H$ $p$ exceptional .
$\theta$ $H$ , $\theta^{n/\mathrm{g}\mathrm{c}\mathrm{d}(n,|H|)}=\iota_{H}$ $\# L_{n}$ (H, $\theta$) $=\mathrm{g}\mathrm{c}\mathrm{d}$ ($n,$ $|$H|)
, $d,$ $e$
$(*)$ $e||$H$|$ , $\mathrm{g}\mathrm{c}\mathrm{d}(d, |H|/e)=1$ , $\theta^{d}=\iota_{H}$ , $\# L_{de}(H, \theta)=e$
. $Z(H)=\{1\}$ , $H$ $H$
. , $(*)$ , $\theta^{s}\in H$ $s$ ,
$(**)$ $\mathrm{g}\mathrm{c}\mathrm{d}(s, |H|/e)=1$ , $\# L_{se}(\theta H)=e$
<( $H$ $n$ $A_{n}$ , $n$ $S_{n}$
. $(**)$ .
4.11 $\theta$ $A_{n}$ , $|\langle\theta\rangle A$n: $A_{n}|=2$ . $|A_{n}|$
$|A_{n}|_{2}$ $e$ , $\# L_{2e}(\theta A_{n})=e$ $e=|A_{n}|$
$L_{20}$ ( $\theta$ \Delta ) $=\theta A_{n}$ .
4.11 $n\geq 2,$ $\theta$ \in Sn $\text{ _{}1}$ (
[13, Theorem 13] .) \mbox{\boldmath $\theta$}
, $\# L_{2e}(\theta A_{n})=\# L_{2e}(A_{n}, (12))$ . (12) , , $p<n$
$p$ , A $p$ . 4.7
, $p$ $e$ , $(n!)_{p}$ $e$ . ,
$p$ $p\leq n$ , $e>|A_{n}|/|A_{n}|_{p}$ , $p$
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